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Abstract

The mechanism of vibration energy transfer in a vibrating fluidized bed (VFB) is reported in this paper. A series of sensors was employe
to simultaneously detect pressure wave propagation signals at different positions at various heights in the fluidized bed. The mechani
of vibration energy transfer in an VFB is found by wave propagation. The pressure wave was produced from a vibrating base at the be
bottom and transferred to the particle bed via an air gap formed between the distributor and particle bed. The pressure waves oscillz
and superpose in the fluidized bed due to wave reflection at the surface boundary and the bottom of the fluidized bed, leading to the we
energy dissipation being mainly in the bed. The wave propagation process and its mechanism in a fluidized bed have been analyzed.
pressure-wave propagation parameters were numerically calculated from the detected wave signals. The wave propagation velocities w
found to be in the range of 9—75 m/s in the experiments. © 2000 Elsevier Science S.A. All rights reserved.
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1. Introduction In a vibrated bed, a collision model of vibration energy
transfer has been proposed while assuming an incompress-
The vibrating fluidized bed (VFB) has been applied ible gas flow through a rigid particle bed [10]. Later, the
commercially to various processes, such as heat exchangegollision model was improved by considering the gas to
particle processing and chemical reaction, etc. The mechan-be compressible [11]. Based on that, the collision model
ical vibration imposed on a fluidized bed can significantly was developed with new mathematical treatment to pre-
improve gas—solid contact and transport characteristics. Itdict the collision state between the vibrating base and the
can be operated at a lower gas velocity and pressure dropparticle bed at different vibration accelerations, and this
compared to a conventional fluidized bed [1-4]. The em- model was found to be consistent with experimental re-
pirical relationships of fluidization characteristics with op- sults [12—14]. The mechanism of transmission of vibrating
eration parameters and particle properties in an VFB haveenergy was considered to be such that the vibration body
been reported in many papers for various applications [5,6]. collides with the particles near the bottom and wall, and
Recently, fluidization of fine particles has become more then these particles collide with the next particles, leading
attractive in particle processing and chemical reaction. Due to the transmission of kinetic energy through the bed. Since
to a large particle—particle interaction, fine particles are dif- considerable dissipation of particle kinetic energy occurs in
ficult to fluidize [7—9]. Extra vibration energy is required to any inelastic collision process, the penetration depth of the
overcome the adhesion force between particles for the im-vibration energy into the bed is quite limited. Goldshtein
provement of fluidization behavior. It is, therefore, essential et al. [15-18] observed a compression (shock) and expan-
to understand the energy transfer mechanism in the bed forsion wave caused by vibration across the vibrated bed at a
proper operation or design of an VFB. The efficient transfer low frequency and large amplitudé<20 Hz, A>10 mm) in
of mechanical energy in an VFB is essential in a practical a shallow bed. It was elucidated that the compression and
application. Nevertheless, few papers have reported on theexpansion wave propagating across the bed balanced the
mechanism of vibration in the fluidized bed [1-3]. loss of particle kinetic energy by inelastic collision. These
waves govern the kinetic energy balance and sustain the
collision hydrodynamic state of the vibrating bed.
* Corresponding author. Tel::86-10-62785464; fax:-86-10-62772051. Yamazaki et al. [1] observed that the large acceleration of
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Table 1
The sensitivities (in Pa/mV) of the different sensors in the experiments

the bed at a low frequency (10-25Hz) in an VFB, lead-
ing to pressure fluctuation in the VFB. The amplitude of
the pressure fluctuation was affected by gas velocity, vibra- Sensor no.

tion frequency and vibration amplitude. Foscolo and Giblaro 1 2 3 4 5 6 7 8 9
[19,20] Stu.d'.e d Fhe trapsfer cr!terlg of par.tlculate. and ag- 0.069 9.706 9.938 9.524 10.246 8.884 7.913 6.010 7.971
gregate fluidization while considering the interaction force
imparted on a particle by the surrounding fluid as a function
of voidage. The motion of voidage fluctuation was taken as
wave propagation in the fluidized bed. The wave propagation
is affected by particles and fluid properties. The fluidization
behavior can be evaluated from the wave growth rate.

from 280 to 400 mm. The static pressure along the bed
height was measured from the side wall by micro-pressure
meters placed at height intervals of every 40 mm. Fluidiza-
Wang et al. [21] have reported that the energy transfer 10N 9as velocity was varied in the range of 6-12mm/s.
in a partiCle bed is mainly by collision before the bed is Two VIbratlon_mOtprs were cross mounted on OppOSIte side
fluidized, but by wave propagation after the bed is fluidized. Walls of the vibrating base at an angle 0f"30 produce a

The shear forces of the vibration wave reduce the bubble thrée-dimensional vibration. This was composed of a verti-
size along the bed height. cal vibration with a twist vibration in a tangential direction.

In this study, the mechanism of vibration energy transfer EXPeriments showed a good gas-solid contact state with
in a VFB was studied. The propagation of a pressure wave Such a vibration style [23]. The vibration frequency range

was examined in an VFB by measuring the wave propagation Was 30-60Hz, and amplitude 0.05-0.40 mm in experiments.
signals along the fluidized bed. A condenser microphone of high sensitivity and good lin-

ear properties was employed to measure the pressure wave
signals in the bed along the axial direction. This is a kind

of capacitor-type sensor by which the pressure wave signals
can be detected. The sensor had a cylindrical shape with

The experimental apparatus used in the present investiga :éan;i:{;:jo;n(stwgg eAn ;;?Té?;s.n]:moog]%l?: m?r;hclz?c()nﬁz?]e
tion is shown in Fig. 1. The VFB was made of a transparent w i tE wder environment in Ith bed. Nin nl ) pw ;
acrylic resin cylinder with an 8-mm thickness, 200-mm inner sult the powder environme € bed. € Sensors were

diameter and 1000-mm height. A porous sintered stainlessf'xed on atlhcopper bar of 6 mm dli':\m?ter tt% snr)nt:jltsn'ec;#s_llyh
plate with holes of average diameter 2% was used as a measure the pressure wave signais along the bed heignt. The

e . - ., bar was centrally inserted in the bed and was made indepen-
distributor in the fluidized bed. Porous and roughly spherical g . : )
particles of goethite having an average diameter ofi20 dent from the vibration body. The distance interval of adja-

and bulk density of 500 kg/Aawhich were an agglomeration cent sensors was 40 mm. The sensitivities of the film pasted
of needle-like particles with ’an average of ui lengthand ~ SENSOrs were checked with a standard microphone. The sen-

0.024.m radial diameter, were employed as one of the exper- S||t|V|;u_es of thle sfensotr; are shown in Table 1. Ihe gmp_hfled
imental powders. Their minimum fluidization velocity was clectric signals from these sensors were monitored using an

6 mm/s, from experiments. The other experimental powder oscélllt(r)]scope. Tlhij st:gnals fro;“n tr_ﬁ} sensorsl_ Wefre an;ghfled
was FCC particles with an average diameter ofv&# and and then sampled by computer. The sampling frequedcy

bulk density of 1480 kg/f Their minimum fluidization ve- ~ WaS Set at 750 Hz. The sampling time of signals was 2.5s.
locity was 3 mm/s from experiments. The goethite and FCC Any frequency higher than 200 Hz was filtered before sam-

particles are C and A class particles, respectively, accordingp“ng‘ The wave signals were analyzed by the FFT method.
to Geldart's classification [22]. The static bed height ranged

2. Experimental

3. Results and discussion

3.1. Wave propagation phenomena in the VFB

The pressure wave signals along the axial bed height in
the VFB were detected by the nine sensors simultaneously.
The pressure wave was observed to fill the whole bed, but

[8 ] no wave signals were detected outside the bed. The pressure
| wave signals at a nominal frequency of 30 Hz and their fre-
L9 ] guency spectra of power intensity and phase angle with FCC

particles in the VFB are shown in Fig. 2. The fluidization gas

Fig. 1. The schematic diagram of the experimental apparatus. 1, air source; . . . . .
2, flow meter; 3, vibration base; 4, fluidized bed; 5, sensor bar; 6, sensor; VeIOCIty was 10 mm/s, which is hlgher than the minimum

7, micro-pressure meter; 8, amplifier; 9, oscilloscope; 10, signal filter; Pubbling velocity of 4mm/s. The dominant frequencies of
11, A/D converter; 12, computer. the pressure wave were consistent with the frequencies of
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Fig. 2. The pressure wave signals and their frequency spectra in the VFB.Hd=300 mm,H=425 mm,u,=10 mm/s,f=30 Hz, A=0.11 mm.

the vibration body at about 28.7 and 29.5Hz. Two frequen-  In general, a complex wave can be expressed as a series
cies result from the vibration motors running at slightly dif- of sinusoidal waves with different weights. Each of the si-
ferent speeds. The amplitude of the pressure wave at the tojmusoidal waves propagates in a medium independently. The
region g=320 mm) was found to be higher than that at the wave propagation characteristics can be studied by focusing
lower region. This is attributable to the reflection wave at on a single frequency sinusoidal wave. The single frequency
the surface of the fluidized bed, which enhances the pressurevave propagating in an elastic medium causes a phase de-
wave signals. In the frequency spectra, two distinct peakslay. In this study, the wave propagation process in the VFB
at 1-3Hz were observed. These peaks can be assigned twas analyzed on the dominant single frequency fraction of
bubble passing. The peaks at low frequencies become sig28.7 Hz. The phase change occurrence in the wave propa-
nificant with increasing gas velocity [21]. gation process was observed in this experiment. The phase
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Fig. 3. The phase change of dominant pressure wave along the axial
bed height. FCC,Ho=400mm, H=425mm, ug=10 mm/s, {=28.7 Hz,
A=0.11mm.

change at the dominant wave frequency of 28.7 Hz along the

axial bed height in the VFB is shown in Fig. 3.

In a rigid body, the pressure fluctuation from the bottom
is instantly transmitted through the rigid medium. No phase
change occurs at any two points in the rigid medium, pro-
vided the vibration was transmitted throughout the medium.

The phase change of the pressure wave in the fluidized bed

shown in Fig. 3 indicates that the fluidized bed exhibits
elasticity.

Experimental results showed that there is a distribution
about the wave pressure amplitude along the bed heigh
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Fig. 4. The distribution of wave pressure amplitude at different fluidization
gas velocities. Goethitd{p=232 mm,f=28.7 Hz, A=0.36 mm.

under certain conditions. The amplitude distribution basi-
cally demonstrates the energy distribution in the fluidized
bed since the energy intensity is proportional to the square
of the pressure wave amplitude in a uniform medium. This
distribution was affected by the fluidization behavior in the
bed. The pressure wave amplitude distribution at different
fluidization gas velocities is shown in Fig. 4.

3.2. VFB medium for wave propagation

In the fluidized bed, each particle was surrounded by gas
flow. Buoyancy and drag forces acting on particles caused
by the gas flow enable the particles to move in the vertical
direction with some elastic property [19]. Horizontal pres-
sure caused by the vertical gas flow enables the particles
to move with some elastic property in the horizontal direc-
tion. This mixture of continuous gas flow and discrete par-
ticles gives the bed the properties of an elastic medium. It
is schematically shown in Fig. 5.

The particles suspended in the gas flow are mobile and
affected by pressure fluctuation. When a pressure distur-
bance is introduced, the disturbance travels through the
fluidized bed in the form of an elastic or pressure wave. In a

¥

4h

x=Asin(wt+¢o)

t Fig. 5. The medium model of a fluidized bed for wave propagation.
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bubbling fluidized bed, the medium of the bed is composed wheres is the local voidage of the bed. Substituting Eq. (5)
of a bubble phase and an emulsion phase. The boundaryinto Eg. (2), we obtain
of the bubble phase and the emulsion phase results in a
wave propagation parameter change in the VFB due to thep = (6)
different elastic properties in the two phases. €

An air gap exists between the particle bed and the vibrat- The local bulk density of the fluidized begd,, can be written
ing base in the VFB [13,14]. The particle bed is suspended as
in the gas flow. The base vibration produces a pressure fluc-
tuation at the bottom of the bed, and the pressure fluctuationop =
is transferred to the particle bed via the air gap instead of
by direct collision between the vibration base and the parti- wherepg and ps are the densities of gas and solid, respec-
cle bed. Thus, the energy transfer in the VFB is not by the tively, g the acceleration due to gravity. Substituting Egs. (6)

P* 4+ P

dpP*/dz

= epg + (1 £)ps W)

collision of particles, but by the wave propagation through
the elastic particle bed.

3.3. Wave propagation parameters in the VFB

and (7) into Eqg. (1), yields
P*4+ P L2
elepg + (1 —¢)pg }

In Eq. (8),P can be neglected compared to the absolute static

u(z) = { 8

In the case of mechanical wave propagation through an pressureP* in the fluidized bed, as the changeRf along
elastic medium, the wave propagation velocity depends onthe bed height is quite limited since the value of atmosphere
both the elastic and inertial properties of the medium. For pressure (1.0132610° Pa) is much larger than the pressure

a fluid medium, the wave propagation velocity,can be
written as [24]

@)

B
u= _|—
0

where p is the fluid density and the bulk modulus of
the fluid medium. Considering the fluidized bed, the bulk
modulusB of a fluidized bed medium can be expressed as

P
AV/V

)

whereP is the wave pressure in the fluidized bed axd/V
the volumetric strain under the streBsThe reciprocal of
the bulk modulusB is the compressibility of the medium.
The more rigid the medium is (i.e. the larger tBg the
faster is the wave propagation velocity in the medium.

Considering a certain volumé in the fluidized bed, the
following expression can be given:

V= Vg+Vg (3)

whereVy and Vs are the volumes of gas and solid phases,

caused by the suspended particles in the bed. Therefore,
the wave propagation velocity depends mainly on the local
voidage. From Eq. (8), the wave propagation velocity in the
fluidized bed can be estimated from the value®dfP, ¢
andpp. The wave propagation velocity estimated was in the
range of 9—75m/s in this experimental situation.

In the pressure wave propagation process, wave reflection
occurs at the boundary of different media. The reflection
coefficient of pressure amplitude is defined as [25]

_ Z1— 72>

= 9
Z1+ 72> ®)

Z = /ppB (10)

whereR is the reflection coefficient of pressure wave am-
plitude, andZ; andZ; the specific acoustic impedances of
incident medium and transmitted medium, respectively. In
the fluidized bed, the wave reflection coefficients at the top
surface boundary and bottom boundary approach a value of
1 as estimated from Eg. (9), because the bulk density of the
fluidized bed is much higher than that of the air and the bulk
modulus of the distributor at the bottom is much higher than
that of the fluidized bed. Therefore, the pressure wave os-

respectively. For the gas phase, the assumption of an ideafillates in the fluidized bed, causing the main dissipation of

gas gives

P*Vg=(P*+ P)(Vg+ AVy) 4)

vibration wave energy to be within the bed. It was observed

during the experiment that no wave signals were detected by
sensors outside the bed. The detected signals within the flu-
idized bed were the superposition signals of many reflected

whereP* is the absolute static pressure at a certain position waves.

in the fluidized bed, and\Vj is the volume change of gas

Assuming that the pressure wave propagates in a uniform

caused by wave pressure. Since the solid particles in themedium with an attenuation coefficient, the one-way
fluidized bed are incompressible, the combination of Egs. (3) pressure wave at the dominant frequency in the propagation

and (4) gives

eP
P*+ P

AV AV

Vv Vv ®)

process can be written as

2
P(z,t) = Pmoe **sin [Tnz —wt + ¢o} (11)
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Table 2
The pressure wave amplitude and phase angle at different positions in the fluidized bed
Parameters z (mm)
40 80 120 160 200 240 280 320 360

FCC?

Pm (Pa) 20.40 94.40 12.29 15.34 20.48 14.42 42.72 26.72 51.44

¢ (°) 307.44 279.52 342.64 351.03 10.64 34.11 52.05 59.07 67.80
Goethité@

Pm (Pa) 71.25 175.96 106.51 73.12 91.89 68.32 67.03

¢ (°) 189.33 192.20 194.34 197.38 202.19 204.52 207.04

&FCC: Hg=400 mm,H=425 mm,ug=10 mm/s,f=28.7 Hz,A=0.11 mm.
b Goethite:Hp=232 mm,H=325 mm, ug=10 mm/s,f=28.7 Hz,A=0.36 mm.

whereP(zt) is the wave pressure of the dominant frequency phase angle of theth reflected wave. Eg. (12) can be recast
at timet and axial positiorg, Pmo the initial pressure am-  as follows (after the derivation shown in the Appendix A):
plitude of the wave sourcey and . the angular frequency

and wavelength of the pressure wave at the dominant fre- p(z, 1) = Py (z) sin [Z—ﬂz — ot + ¢o + 5@] (13)
guency, respectively, anglp the initial phase angle of the A
wave source, i.e. from the vibrating base. in Eq. (13),
The detected wave pressure at the dominant frequency
Y(z —
can be expressed as P(z) = é)Pmoe z (14)
o0
P(z,1) =) Py(2)sin[pu(2) — o] (12) ~ where
n=0 4n H
C=1+e %l  pg2l cos(n—) (15)
whereP,(2) and¢,(2) are the pressure wave amplitude and A

4 4 4
Y(z) = [1 + e 2 cosTnH + e‘Z“(H‘Z)cosT”(H —7) 4 e 2@ cos%z}

12
4 4 4x 7P
+ [—e_z"‘H sm%H + g 2x(H=2) smTﬂ(H —7) 4 e 2@H=2) sm%z] (16)

—e 2H sin(4 )\ H + e 2(H=2) sin(4x /1) (H — z) — e 22CH~2) sin(4x /1)

8(z) = arctan 17
1+ e 22H cog4m /M) H + e~ 2¢(H=2) cog4m /L) (H — 7) + e 22¢(H~2) cog4m /1)z (17)
Table 3
The wave propagation parameters calculated from the wave signals at different positions
Parameters z (mm)
40-80 80-120 120-160 160-200 200-240 240-280 280-320 320-360
FCC?
o (mY) 0.1 0.2 0.8 1.6 3.8 0.3 0.1 0.8
AS (°) —56.8 7.4 —19.9 —14.5 0.0 -0.9 —35.3 -16.9
A (m) 0.50 0.33 0.51 0.42 0.62 0.79 0.41 0.56
u (m/s) 14.36 9.46 14.46 11.99 17.59 22.57 11.78 16.05
Goethit&
a (m™1) 0.1 0.2 0.5 0.7 0.1 3.6
AS (%) -315 —20.9 —-28.1 —8.39 —-39.1 -3.05
A (m) 0.41 0.63 0.46 1.10 0.38 2.57
u (m/s) 11.86 17.94 13.13 31.65 10.83 73.71

&FCC: Hp=400 mm,H=425 mm, ug=10 mm/s,f=28.7 Hz, A=0.11 mm.
b Goethite:Hp=232 mm,H=325 mm, ug=10 mm/s,f=28.7 Hz,A=0.36 mm.
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In the above EqsPm(2) is the wave pressure amplitude,
H the height of the fluidized bed, arqz)/C and §(2) the

velocities in the fluidized bed can be estimated by numeri-
cal analysis of experimental pressure wave signals, and are

wave pressure amplitude and phase angle factors resultingn the range of 9 to 75 m/s.

from the superposition of the reflected waves at position
compared with the wave propagation in an infinite medium.

Therefore, the wave pressure amplitude distribution in the 5. Nomenclature

fluidized bed can be determined by Egs. (13)—(16).

According to Egs. (13) and (14), the wavelength and the
attenuation coefficient can be calculated from wave ampli-
tudes and phase angles at any two different positions usingC
the following equations:

Pm(22)Y (z1) Pmo€ ““*—Pm(z1)Y (z2) Pmo€ 2 =0 (18) f

f

2 2 N

Ap=A|——z+do+38() |=—(z2—z0) + As(x) (19) 9
A A Ah

whereA¢ is the phase change between positiznandz E
0

from the FFT analysis on detected wave signals, Ad(r)
the phase change caused by the superposition of reflectior!
waves, which is calculated from Eg. (17). By numerically Pm
solving Egs. (18) and (19), the average attenuation coeffi- Pu
cient and the wavelength in the fluidized bed can be cal-
culated from the pressure amplitudes and phase angles of”
detected wave signals at two different positian,and z.
The pressure wave amplitude and phase angles from the FFR
analysis on the detected wave signals in the fluidized bed
at different positions with FCC and goethite particles are t
shown in Table 2. The average wavelengths and wave prop-Y
agation velocities calculated from experimental wave sig- Ug
nals at every two adjacent positions are shown in Table 3.V
The average wavelength in the fluidized bed is in the range Vg
of 0.3 to 2.6 m, and the wave propagation velocity is in the Vs
range of 9 to 75m/s in these experiments. The wave veloc- AV
ity and wavelength in the fluidized bed are determined by X
the fluidization behavior. Y
It can be seen in Table 3 that the local properties of
the fluidized bed affect the wave propagation parameters.z
The phase change detected simultaneously from the senz;
sors along the axial height of the bed is different from the z

phase delay in the propagation process due ta\#{@) item z
caused by the superposition of reflected waves. Z;
Z

4. Conclusion

vibration amplitude (mm)

bulk modulus (N n72)

letter used to represent a function for simplifying
an equation (dimensionless)

vibration frequency (Hz)

sampling frequency (Hz)

acceleration due to gravity (n$)

air gap thickness (mm)

bed height (mm)

static bed height (mm)

wave pressure (N f)

pressure wave amplitude (NTR)

pressure wave amplitude of timeh reflected

wave (N nt2)

absolute static pressure in the fluidized bed
(Nm~2)

reflection coefficient of pressure wave amplitude
(dimensionless)

time (s)

wave velocity (ms?)

fluidization gas velocity (mms)

volume (n¥)

volume of gas phase in fluidized bed{m
volume of solid phase in fluidized bed $jn
volume change under wave pressuré)m
displacement of vibration base (mm)

letter used to represent a function for simplifying
an equation (dimensionless)

axial height in the bed (mm)

axial height in the bed a position (mm)

axial height in the bed a position (mm)
specific acoustic impedance (kghs 1)

specific acoustic impedance of incident medium
(kgm—2s71)

specific acoustic impedance of transmitted
medium (kgn2s1)

The mechanism of vibration energy transfer in a VFB was Greek symbols

investigated in this research. The energy transfer from the«
vibrating base to the particle bed and the energy transfer in
the VFB are by pressure wave propagation. The wave energys
is mainly dissipated in the fluidized bed by the wave oscil-
lation caused by wave reflection at the medium boundary at Aé
both top and bottom. The wave propagation process and its
mechanism in a fluidized bed were analyzed. The wave prop-¢
agation parameters are affected by fluidization behavior. A ¢
distribution of pressure wave amplitude in the fluidized bed ¢,
exists in the experimental conditions. The wave propagation A

attenuation coefficient of pressure wave
amplitude (nT1)

phase angle caused by superposition of wave
reflection ()

phase change caused by reflected waves at
different positions )

local voidage in fluidized bed (dimensionless)
phase angle°§

phase angle of thath reflected wave®|
wavelength (m)
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0 density (kg m3) Top boundary

Pb bulk density of the fluidized bed (kgTHd) ) A A
Pg density of fluidization gas (kg ii#) 2 PHz 2wz (4Hz | 4H
0s densities of particles (kg 1iP)
w angle frequency (3}

Y2 Y 2
Bottom boundary
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Fig. 6. Schematic diagram of wave reflection at the top and bottom
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right-hand side of Eq. (A.22) by 4 e(-2¢H-i@z/MH) e

obtain
Appendix A Pt (z,1)
Pmo
The wave reflection at the top and bottom boundary is e(ezti(@r/Mz=wt+do)[] 4 el~20¢(H—2)+i(4rn/})(H~2)
schematically shown in Fig. 6. To simplify the derivation Je(—H—iGT/IH) | o(—2a(H—2)—i(4m/3)2)]
process, consider the function = 15 &%t & cosdr /%)
Pt 1) _ ooz H(@n /Mot +90) (A.23)
Pmo After evolving Eq. (A.23), the imaginary part was taken as
2 . - -
— oz COS[THZ — wt + ¢o} the pressure wave signal, yielding
21 P(z,t) = &P oe‘“zsin[ﬁz—wt+¢o+6(z)}
+ie *sin [TZ — wt +¢o] (A.20) ' c " A
(A.24)
Taking into account the fact that the incident wave reflect- Where

ing at the bottom boundary loses a half wavelength in phase

angle because the specific acoustic impedance of the distrib-~ _ 1 | g~4«H | pg-2¢H cos<47r—H> (A.25)
utor is much higher than that of the fluidized bed [25], the A

superposed wave can be written as

A 4
_ _o0H _20(H—7) _
P+(Z7 1) _ e—az+i((2n/k)z—wt+¢o) Y(2)= { |:1+e COS—)L H+e COST(H Z)

Pmo
e ¥ RH=2)+i[(2r/3)(2H —2) ~wi+go] 4o 20@H-2) o Cosél_nz} 4 [_eZOfH sin4—nH
+e—a(2H+Z)+i[(2n/k)(2H+Z+)»/2)—wl+¢o] A A
. —2u(H—2) qin¥T
+e—a(4H—z)+|[(2n/k)(4H—z+A/2)—mt+¢0] +e SIHT (H —2)
4ot ef(x(ZnH+Z)+i[(2n/k)(2nH+Z+nA/2)7wt+¢o] - 2y 1/2
_ 2y (2H— .
g2+ D H 2] +i{(2r/)[2(n+1) H—z4nk /2]~ +o) +e (A=Y 5'”72] } (A.26)
4= ezt (27 /) z—wi+do)
x[1 + e—2a(H—z)+i(47r/k)(H—z)] 8(z) = arctan
%0 _ —e(=2H) sin(4r /1) H + e~22(H=2) gin(47 /1)
X Z(_l)n (e—ZaH+I(4n/A)H)n (A21) X (H _ Z) _ e(72a(2Hfz)) SII’](47T/)»)Z
X
n=0 1+ e=2¢H) cogdn /) H + e~2¢H=2) cog4m /1)
Since) 2 o(—1)"x" = 1/(1+x), we can reduce Eq. (A.21) x(H —z) + 72¢@H=2) cog4r /))z
thus: (A.27)
Pt(z,1)
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